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Abstract 

We classify the admissible types of constraint (hermitian, holomorphic, with 
^h. reality conditions on the bosonic sectors, etc.) for generalized supersymmetries 

r-j ! in the presence of complex spinors. We further point out which constrained 

generalized supersymmetries admit a dual formulation. 

For both real and complex spinors generalized supersymmetries are con- 
structed and classified as dimensional reductions of supersymmetries from ox- 
idized space-times (i.e. the maximal space-times associated to n-component Clif- 
ford irreps). 

We apply these results to sistematically construct a class of models describ- 
ing superparticles in presence of bosonic tensorial central charges, deriving the 
consistency conditions for the existence of the action, as well as the constrained 
equations of motion. Examples of these models (which, in their twistorial formu- 
lation, describe towers of higher-spin particles) were first introduced by Rudy- 
chev and Sezgin (for real spinors) and later by Bandos and Lukierski (for complex 
spinors). 
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1 Introduction. 



This work addresses two related problems concerning generalized supersymmetries. A 
mathematical classification of generalized supersymmetries and of the consistent types 
of constraint which can be applied on them is here furnished. Moreover, an example 
of application of these results is provided, the classification being used to construct 
and get information about a class of dynamical systems which goes under the name of 
"superparticles with tensorial central charges" . 

More specifically, on the mathematical side, the main results of the present paper 
can be summarized as follows. Generalized supersymmetries, for both real and complex 
spinors, are classified and explicitly constructed. Specific formulas are given in order to 
express generalized supersymmetries in non-maximal spacetimes as dimensional reduc- 
tion of the corresponding oxidized forms of generalized supersymmetry (i.e., associated 
with the given maximal space-time carrying the same type of fundamental spinors). 
For complex generalized supersymmetries it is here proven that a consistent set of con- 
straints (holomorphic, hermitian, reality condition on the bosonic sector, etc.) and of 
their combinations can be implemented. A whole subclass of constrained generalized 
supersymmetries can be produced accordingly. It is worth mentioning that several such 
constrained generalized supersymmetries admit a dual formulation. They can in fact 
be presented in different, but equivalent forms. Their dual formulations are explicitly 
pointed out. 

On physical side, we addressed the question on how to concretely implement the 
above construction and classification in application to dynamical systems. We inves- 
tigated the superparticles with tensorial central charges. Specific examples of these 
models, for real spinors, have been explicitly constructed at first by Rudychev and 
Sezgin pQ. Later Bandos and Lukierski [2] analyzed the Minkowskian case with com- 
plex spinors. It was further proven |3J that, in its twistorial formulation, this system 
describes towers of higher spin particles. 

We introduced the main algebraic ingredients to formulate the action. We checked 
the consistency condition for the presence of, e.g., a mass term. We derived, using 
our previous mathematical results, the number of bosonic degrees of freedom and of 
lagrangian multipliers entering the action. In the complex case (i.e. for the formu- 
lation in terms of complex spinors) we pointed out several distinct possibilities for 
constructing the action (corresponding to a given choice of the metric for spinors). 
The constrained models, associated to the constrained generalized supersymmetries, 
have been constructed and classified in terms of their main properties. 

Some words should be spent to explain the main motivations of the present work. 
The mathematical classificatory aspect is a continuation of previous works jUE], on the 
classification of spinors and generalized supersymmetries (this line of research, based 
on several mathematical works [El El IE] 5 is currently under intense investigation, see 
also the references (HIGH])- In particular in j3] the notion of constrained holomorphic 
and hermitian supersymmetry has been introduced (a physical application of a holo- 
morphic constrained generalized supersymmetry can be found in JT] , where the notion 
of Euclidean M algebra has been introduced). The present work extends this analysis, 
proving the existence of whole new subclasses of constrained generalized supersymme- 
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tries. 

The physical interest in generalized supersymmetries is of course mainly motivated 
by the M-theory related investigations ^21 EI]- The first example of a generalized 
supersymmetry going beyond the Haag- Lopuszahski-Sohnius scheme [14j was given in 
|15j . It is nowadays recognized that generalized supersymmetries are associated with 
the dynamics of extended objects like branes [T^ IT7j. 

Even if the M-algebra is essentially unique and based on 11- dimensional Minkowskian 
real spinors, it is known that a whole web of dualities relate different theories arising 
as dimensional reductions from a given oxidized theory. It is worth pointing out that 
several dynamical systems presenting the same symmetry algebra (or some of its gen- 
eralizations) expected by the M-theory ^H] can be constructed. An example of such 
class of models is given by the higher-dimensional Chern-Simons supergravities, see 

Somehow the simplest scenario where the algebraic setup of generalized supersym- 
metries (and of their consistent constraints) can be implemented in a dynamical setting 
is given by the superparticles in presence of bosonic tensorial central charges. Extra 
ingredients (which will be conveniently specified in the following) beyond the purely al- 
gebraic data entering the generalized supersymmetries, have to be introduced in order 
to construct such models. It is worth noticing, however, that a good deal of informa- 
tion about these theories can be recovered just by using the mathematical data of the 
present classification. 

It must be said that the interest in these models is not merely academical. Indeed, 
it has been proven that they are linked with the Fronsdal's proposal [20] of introducing 
bosonic tensorial coordinates in order to deal with higher spin theories. It was shown in 
j3] that, explicitly solving the constraints arising from the lagrange multipliers in terms 
of twistors, allows to recover a massless higher spin field theory, as the one arising in 
the tensionless limit of the superstrings (see [21] and references therein). Several groups 
are presently investigating these theories as a possible viable approach to the problem 
of formulating a consistent string field theory which should, hopefully, be regarded as 
a spontaneous breaking of the conformally invariant theory of the massless higher spin 
particles. 

Beyond superparticles, other type of models like strings with tensorial central 
charges can be constructed and physically motivated [221 ■ Even if we do not ad- 
dress these types of theories here, nevertheless some of the results here obtained can 
be applied to investigate this class of models as well. 

The scheme of this paper is as follows. The next two following sections contain no 
new result, but present in compact form the needed mathematical ingredients and con- 
ventions used throughout the paper. Section 4 is devoted to explain the dimensional 
reduction of Clifford irreps from oxidized spacetimes. Section 5 introduces the super- 
particle models with tensorial central charges. The sections 6 and 7 are devoted to the 
mathematical aspects of real generalized supersymmetries and to the classification of 
superparticles with real spinors. Complex generalized supersymmetries are discussed 
in sections 8 and 9. The classification of the constrained generalized supersymmetries 
and of their duality relations is given in section 10. Sections 11 and 12 are devoted 
to the construction and classification of complex superparticles with tensorial central 
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charges. Finally, in the Conclusions, some further discussions are made on the possibile 
applications of the present results. 

2 Clifford irreps and fundamental spinors. 

This section is devoted to a quick review, following [I] and [Sj, of the fundamental 
ingredients and conventions entering the classification of generalized supersymmetries. 
It is intended to make this paper self-consistent. More detailed explanations can be 
found in the cited references. 
The Clifford algebra 

W + TT" = 2rT, (2.1) 

with if v being a diagonal matrix of (p, q) signature (i.e. p positive, +1, and q negative, 
— 1, diagonal entries) admits irreps which are classified according to the most general 
S matrix commuting with all the T's ([S, V 1 } = for all /j,). The most general S can be 
a multiple of the identity (real R case), "almost complex" (the C case) or the linear 
combination of four matrices closing the quaternionic algebra (the H case). 

We recall that the spinors carry a representation of the so(p, q) algebra of commuta- 
tors = [r^, T u ]. In the space-times where the Gamma-matrices can be chosen to be 
of block-antidiagonal form, it is possible to introduce the notion of "generalized" Weyl- 
projected spinors, whose number of components is half of the size of the corresponding 
Gamma matrices 4j. Spinors are called "fundamental" if their representation of the 
generalized Lorentz group admits minimal number of real components in association 
with the maximal, compatible, allowed division-algebra structure. 

A useful table presents the comparison between division-algebra properties of Clif- 
ford irreps (T) and fundamental spinors in different space-times parametrized by 
p = p — q mod 8. We have 



p 


r 







R 


R 


1 


R 


R 


2 


R 


C 


3 


C 


H 


4 


H 


H 


5 


H 


H 


6 


H 


C 


7 


C 


R 



(2.2) 



For p = 2,3, the fundamental spinors can accommodate a larger division-algebra 
structure than the corresponding Clifford irreps. Conversely, for p = 6,7, the Clifford 
irreps accommodate a larger division- algebra structure than the corresponding spinors. 

Throughout the text the notation "(p, g) r " will be used to denote the Clifford irreps, 
while "(p, q)q," will be employed to denote the Clifford representations which, under 
Weyl projection, generate fundamental spinors (the symbol "(p, <?)" will appear when 
the two constructions coincide). 
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An important notion which will be extensively used in the following is that of "max- 
imal Clifford algebra" . It corresponds to the maximal space-time (of (p, q) signature) 
which can accommodate a Clifford irrep realized by Gamma matrices of a given size. 
Non-maximal Clifford algebras are recovered as dimensional reductions of some max- 
imal Clifford algebra, deleting a certain number of Gamma matrices which are now 
considered as external [3]. The explicit construction of non-maximal Clifford algebras 
from their associated maximal Clifford algebras (their oxidized form) is presented in 
Section 4. 

Quite a convenient algorithmic procedure to sistematically produce representatives 
of maximal Clifford algebras irreps in any allowed space-time was explicitly presented 
in jU and 0. 

3 Notion of generalized supersymmetries. 

In this section we will briefly review the necessary notions concerning the generalized 
supersymmetries. More detailed explanations are given in references j3] and 

At first we need to introduce two matrices, denoted as A and C related with, 
respectively, the hermitian conjugation and transposition acting on Gamma matrices. 
A plays the role of the time-like T° matrix in the Minkowskian space-time and is used to 
introduce barred spinors. C, on the other hand, is the charge conjugation matrix. Up 
to an overall sign, in a generic (p, q) space-time, A and C are given by the products of all 
the time-like and, respectively, all the symmetric (or antisymmetric) Gamma-matrices 
(depending on the given space-time there are at most two charge conjugations matrices, 
Cs-i Ca-i given by the product of all symmetric and all antisymmetric gamma matrices). 
For our purposes the importance of A and the charge conjugation matrix C lies on the 
fact that, in a D-dimensional space-time (D = p+q) spanned by dxd Gamma matrices, 
they allow to construct a basis for dxd (anti)hermitian and (anti) symmetric matrices, 

respectively. The ( ^ j antisymmetrized products of k Gamma matrices Ar^ 1 '"^ 

are all hermitian or all antihermitian, depending on the value of k < D. Similarly, the 
antisymmetrized products CT^ 41 '"™ are all symmetric or all antisymmetric. 

A generalized supersymmetry algebra involving n-component real spinors Q a is 
given by the anticommutators 

{Qa,Qb} = Zab-, (3.3) 

where the matrix Z appearing in the r.h.s. is the most general n x n symmetric 
matrix with total number of components. For any given space-time we can 

easily compute its associated decomposition in terms of the antisymmetrized products 
of fc-Gamma matrices, namely 

Z ab = Y^{CY { ^ k] ) ab Z^--^\ (3.4) 

k 

where the values k entering the sum in the r.h.s. are restricted by the symmetry 
requirement for the a <-> b exchange and are specific for the given spacetime. The 
coefficients Z^ 1 '"^ are the rank-A; abelian tensorial central charges. 



5 



In the case of Weyl projected spinors Q a the r.h.s. has to be reconstructed with 
the help of a projection operator which selects the upper left block in a 2 x 2 block 
decomposition. Specifically, if Z is a matrix decomposed in 2 x 2 blocks as Z = 
Z\ Z2 



Z-i Z± 



we can define 



P(Z) = Z x . (3.5) 
The generalized supersymmetry algebra in the Weyl case can be expressed through 

'Q a ,Q b \ = P(Z) ab . (3.6) 



A complex generalized supersymmetry algebra is expressed in terms of complex spinors 
Q a and their complex conjugate Q* a . The most general (with a saturated r.h.s.) algebra 
is in this case given by 



together with 



{Q a ,Q b } = V ab , {Q* a ,Q* b } = V* ab , (3.7) 



{Q a ,Q* b } = n ab , {3.1 



where the matrix V ab (V* ab is its conjugate and does not contain new degrees of free- 
dom) is symmetric, while 1Z ab is hermitian. 

The maximal number of allowed components in the r.h.s. is given, for complex 
fundamental spinors with n complex components, by n(n+l) (real) bosonic components 
entering the symmetric n x n complex matrix V ab plus n 2 (real) bosonic components 
entering the hermitian n x n complex matrix 7Z ab - 

A Weyl projection similar to ()3.6|) can be applied for complex spinors as well. 



4 Oxidation and dimensional reductions. 

Maximal Clifford algebras (whose definition has been recalled in Section 2) are encoun- 
tered if and only if [HJ E] the condition p — q = 1,5 mod 8, for a (p, q) spacetime, 
is matched. In this section we explicitly construct, via dimensional reduction, all the 
non-maximal Clifford algebras obtained from any given maximal Clifford algebra (i.e. 
their oxidized form*). We generalize here similar formulas produced in |3] for real and 
quaternionic spinors, by taking into account the complex well. More specifi- 

cally, we determine how to construct the Clifford irreps (denoted as (p, q)r), as well as 
the Clifford representations associated with fundamental spinors (denoted throughout 
this paper as (p, g)*, see the comment at the end of Section 2) from their associated 
(oxidized) maximal Clifford algebras. The construction of (p, q)r coincides with that of 
(p,q)^ only in those cases, listed in table (|2.2|) . where the division algebra properties 
of the Clifford irreps match the division- algebra properties of fundamental spinors. 

*We recall that in the superstrings/M-theory literature, the term "oxidation" is commonly em- 
ployed to denote the operation corresponding to the inverse of the dimensional reduction |24j . 
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For what concerns the explicit construction of the maximal Clifford algebras, it can 
be carried out iteratively with the two algorithms presented in jl]. 
As it is clear from table (|2.2|) the 

p — q = 1 mod 8 (4-9) 

maximal Clifford algebras are of real (R) type. Similarly, all their dimensionally re- 
duced Clifford algebras (both the (p, q)r Clifford irreps and the (p, q)^ representations 
carried by fundamental spinors) are of real type. 
On the other hand the 

p — q = 5 mod 8 (4-10) 

maximal Clifford algebras are of quaternionic (H) type. They originate quaternionic 
and complex non-maximal (dimensionally reduced) Clifford irreps and representations 
of fundamental spinors. 

It is worth recalling that none of the maximal Clifford algebras are of block- 
antidiagonal, "Weyl-type", form (as a consequence, their associated spinors are not 
Weyl-projected). The process of deleting a space-like Gamma matrix always produces 
a Weyl-type non- maximal Clifford algebra (see 0]). 

Real non-maximal Clifford irreps (r) and fundamental spinor representations (\&) as 
well as their non-maximal complex or quaternionic (for both C and H) equivalent are 
generically constructed according to the table below. It is specified how the dimensional 
reduction has to be carried out from the corresponding associated oxidized maximal 
Clifford algebra. We have 





1 mod 8 (R) 


5 mod 8 (H) 


mod 8 






4 mod 8 




r,*:(p, g )^(p-l,g) 


2 mod 8 


r : (p,q) -> (p,q- 1) 


* : (P, ?) -► (p - 2, q) ->• (p - 3, q) 


3 mod 8 




r : (p, q) A (p - 2, q) 
V:(p,q)™(p-2,q) 


6 mod 8 




T : (p, q)->(p, q - 1) 

* :(p,g) A(p,g-2)^(p-l,g-2) 


7 mod 8 




T : (p, q) ^>{p,q~ 2) 



(4.11) 

Some remarks are in order. The real case is shown in the second column, while both 
the complex and the quaternionic cases are recovered from the third column. The 
arrows denote which gamma matrices (either space-like or time-like) and how many of 
them have to be deleted from the corresponding maximal Clifford algebra. The 'W 
symbol above an arrow specifies whether the Weyl projection is required in order to 
produce fundamental spinors. 

As it is clear from the algorithmic construction of maximal Clifford algebras given 
in 0j, in a D-dimensional, D = p + q space-time, D — 3 Gamma matrices are real, 
while the three remaining ones can be expressed as the three imaginary quaternions 
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multiplying a common real matrix. Deleting two such imaginary quaternionic matrices 
produces a non-maximal Clifford algebra with a single imaginary Gamma matrix. In 
this way one can recover a complex, non-maximal Clifford algebra from a quaternionic 
maximal Clifford algebra. The so-produced complex non-maximal Clifford algebra 
can be represented with half of the original size of the quaternionic maximal Clifford 
algebra (the "*" symbol above an arrow is inserted to remind this fact). A convenient 
illustrative example of this feature concerns the imaginary unit % itself; while the whole 
set of three imaginary quaternions requires a presentation either in terms of three 2x2 
complex matrices or three 4x4 real matrices, the imaginary unit can be realized as a 
single complex number or a 2 x 2 real matrix. 

The table (j4.Ilj) above is "generic" in the following sense. A careful inspection 
reveals that at least three Gamma matrices associated with the imaginary quaternions 
are required to carry the construction specified by the "*" symbol above an arrow. 
Therefore, we can only perform the (p, q) —>■ (p — 2, q) construction under the condition 
p > 3 and, similarly, the (p, q) — > (p,q — 2) construction for q > 3. 

Very few exceptional cases cannot be recovered from the above table. Up to D — 11, 
only three non-maximal Clifford algebras (given by (0,5)r, (6,0)* and (0, 7)r) cannot 
be produced according to ([4. II)) . Their explicit construction is given below. 

It is quite convenient to present the full list of reductions of the non-maximal Clifford 
irreps and fundamental spinors, for any D-dimensional space-time up to D = 11 (their 
corresponding division algebra character, R, C or H, is also presented in the last 
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column). We have 
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(1. 
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M.C.A. 






(R) 
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(0,1) 




(C) 






(0. 


1)* 


,\ w 
(2,1) -» 


(0, 1) 




(R) 
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= 2 


(2, 
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(2,1)- 


(2,0) 




(R) 






(2. 


0)* 


(5,0) A 


(3,0) 


w 

-(2,0) 


(C) 






(1. 
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(2,1) - 


(1, 1) 




(R) 






(0. 
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(3. 
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(8,3)^(7,3) 




{"■) 




(6,4) r 


(6,5) - (6,4) 




(R) 




(6,4)* 


(9,4)^(7,4)^(6,4) 


(C) 






(6,5) — (5,5) 








(4,6) r 


/'/I 7\ . I A c\ 

l 4 > ' J - ^ l 4 > b J 




(H) 




(4,6)* 


(5,8) - (5,6) - 


(4,6) 


(C) 




f3 7)r ,t, 


(4, 7) ^ (3, 7) 




(H) 




(2 8)r 


(2,9) — (2,8) 




(R) 

V 11 / 






(5,8) A (3,8) — 


(2,8) 


(C) 




M T 


(2,9) ^ (1,9) 




(T>\ 






(0,11) - (0,10) 




(TJ\ 




[U, 1UJ* 


(1,12) A (1,10) 


-(0,10) 


(C\ 
V^) 


n 11 


hi n\„ 


(13,0) A (11,0) 








(11,0)* 


(13,0)^(11,0) 




(H) 




/in I s ! 

(10, ijr,* 


M.C.A. 




(R) 






(9,4) A (9,2) 








(9,2)* 


(11,2) % (9,2) 




(R) 




(o, ojr,* 


M.C.A. 




( H ) 






(9,4) A (7,4) 








(7,4)* 


(9,4)^(7,4) 




(H) 




(b, ojr,* 


M.C.A. 




(R) 




(o, ojr 


(5,8) A (5,6) 








(5,6)* 


(7,6)^(5,6) 




(R) 




(4, 7) r ,* 


M.C.A. 




(H) 




(3,8) r 


(5,8) A (3,8) 




(C) 




(3, 8)* 


(5,8)^(3,8) 




(H) 




(2,9) r ,* 


M.C.A. 




(R) 




(l,10)r 


(1,12) A (1,10) 




(C) 




(1,10)* 


(3,10)^(1,10) 




(R) 




(0,H)r,* 


M.C.A. 




(H) 



(4.12) 

The three exceptional cases mentioned above, namely (0,5)r, (6,0)* and (7, 0)r, 
have been denoted by £ in the table above. They can be explicitly constructed as fol- 
lows: the (0, 5)r complex case can be recovered from the quaternionic (5, 0) maximal 
Clifford algebra, which must be represented for this purpose through 4x4 complex ma- 



ll 



trices, see jl], which we further multiply by the imaginary unit to produce (0, 5)r- The 
knowledge of (0, 5)r allows to produce, by applying to it the second lifting algorithm 
of [3], the complex (7, 0)r irrep, given by 8 x 8 complex matrices. At this point the 
complex realization of (6,0)$ fundamental spinors is obtained from the (Weyl-type) 
dimensional reduction (7, 0)r — ► (6, 0)$. 

The construction specified by the table (|4.11|) and supplemented by the three excep- 
tional cases listed above, allows us to reconstruct all Clifford algebra representations 
from the set of maximal Clifford algebra irreps. The explicit list of all the dimen- 
sional reductions of (non-maximal) Clifford irreps and fundamental spinors for any 
D-dimensional space-time up to D = 11 has been here produced. 

The quaternionic Clifford irreps (p, q)r and the quaternionic fundamental spinor 
representations (p, q)y can be realized through matrices with real, complex or quater- 
nionic entries. On the other hand, the complex case (C) only allows Gamma matrices 
representations in terms of matrices with either real or complex entries (in the real 
case only matrices with real entries are allowed). In the following we will focus on 
generalized supersymmetries realized by either real or complex spinors (we leave the 
quaternionic spinors supersymmetries for future considerations). The complex super- 
symmetries can therefore be constructed in association with both the C and H cases 
listed in table (|2.2J1 . For what concerns the real supersymmetries, they can be con- 
structed without any restriction for all the three (R, C and H) cases. However, as 
pointed out in [5], in all the spacetimes supporting complex spinors, the corresponding 
real supersymmetries can be recovered from the most general complex supersymmetry. 
For this reason we found to be convenient to make a separate analysis of the purely 
real supersymmetries (namely, the ones that cannot be recasted in a complex spinor 
framework), which will be presented in Section 6. 

5 Superparticles with tensorial central charges. 

In this section we review some of the basic ingredients entering the construction of 
the superparticle models with tensorial central charges. We present the most general 
action formulated with real spinors. Some subtleties and variants in the construction 
of the action associated with complex spinors are elucidated and discussed in Section 
11. 

Let us spend at first few words about the origin and the physical implications of 
the class of models here presented. Rudychev and Sezgin [T] at first generalized the 
Brink-Schwarz massless superparticles [25j by introducing, for real spinors, a model 
associated with the ()3.3|) superalgebra (their model, explicitly discussed in the (2,2)- 
spacetime, can be considered as the simplest dynamical application of ([3.3)1 ). Later 
Bandos and Lukierski |2J reformulated the (3+1) Minkowskian model (with 6 additional 
bosonic tensorial central charges) in terms of complex spinors and explicitly solved the 
constraints arising from the Lagrange multipliers with the introduction of twistors. 
Their solution can be physically interpreted as a tower of massless higher spin 
particles, providing a dynamical framework for the Fronsdal's idea [2U| about the role 
of the tensorial central charges (see the discussion in [21] and references therein). 
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The most general action S involving real spinors is constructed as follows pQ in terms 
of the real superspace coordinates X ab , Q a conjugated to the superalgebra generators 
Z ao and Q a of ()3.3|) (X ab is symmetric in the a <-> b exchange). We have 

S = I J drtr[Z -n- e(Z) 2 ] , (5.13) 

where 

U ab = dX ab - Q {a dQ b) , (5.14) 

while e ab denotes the Lagrange multipliers whose (anti) symmetry property is the same 
as the one of the charge conjugation matrix C ab , i.e. 

e T = ee for C T = eC. (5.15) 

By construction 

{Z)\ h = Z ac C cd Z db , (5.16) 

namely the charge conjugation matrix is used as a metric to raise and lower spinorial 
indices. 

The massless constraint 

(2)1 = (5.17) 

is obtained from the variation 5e ab of the Lagrange multipliers. 

A symmetric charge conjugation matrix (e = 1) allows us [1 to construct a massive 
model by simply performing a shift Z — > Z + mC in the action (|5.13|) . 

In order to introduce the action for the superparticle with complex spinors we 
mimick, as much as possible, the real formulation. The bosonic matrix Z^ is now 
replaced by the pair of matrices V a b and TZ ab (respectively symmetric and hermitian) 
entering ()3.7)1 and (|3.8jl . They can be accommodated in a symmetric matrix P (P T = 
P) as follows 



v n 

71* V* 



(5.18) 



The supercoordinates conjugated to V a b, H a bi Qa an d Q* a are given by X ab , Y ab , 
B a and e* d . 

It is convenient to use the notation 

/ dX-QdQ dY-Qd&* \ 

V dY * - e * de dx * - e * de * J ' 

We will also need the matrix 

P 2 = PCP, (5.20) 
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whose indices are raised by the metric C. The available specific choices for C are 
discussed in Section 11. The (anti)-symmetry property of P 2 coincides with the (anti- 
symmetry property of C. 

The Lagrange multipliers enter a matrix 

E = ( ! {V (5-21) 



g h 

In general, for any U (for our purposes U = P 2 ) s.t. 

u = ( x»v u- ) < 5 - 22 > 

with U T = XU, = [iV (therefore U T = AU), the reality of the term £r(EU) requires 

9 = VA 

h = e*. (5.23) 

A reality (imaginary) condition imposed on either U or V implies a reality (imaginary) 
condition for the lagrange multipliers e and / respectively. 

We are now in the position to write the action S for the superparticle with bosonic 
tensorial central charges and complex spinors as 



S=IJ drtr [Pn - E(P) 2 ] 



(5.24) 



As in the real case, a massive model can be introduced in correspondence of a symmetric 
C through the shift P — > P + mC in the action ([5.24)1 . 



6 Generalized supersymmetries with real spinors. 

In this section we classify the generalized "purely real" supersymmetries (the definition 
of "purely real" supersymmetries has been given at the end of Section 4). The complete 
list, up to D = 11, of real Clifford irreps and real Clifford representations associated 
with fundamental spinors is listed below 



D = 1 


(1,0), (0,1)* 


D = 2 


(2,0) r ,(l,l) 


D = 3 


(2,1), (1,2)* 


D = 4 


(3,l)r,(2,2) 


D = 5 


(3, 2), (2, 3)* 


D = 6 


(4,2) r ,(3,3),(0,6)r 


D = 7 


(7,0)*, (4,3), (3, 4)*, (0,7) 


D = 8 


(8,0),(5,3)r,(4,4),(l,7) r ,(0,8) 


D = 9 


(9,0), (8,1)*, (5,4), (4,5)*, (1,8), (0,9)* 


D = 10 


(10,0)r,(9,l),(6,4) r ,(5,5),(2,8)r,(l,9) 


D = 11 


(10, 1), (9, 2)* , (6, 5), (5, 6)* , (2, 9), (1, 10)* 



(6.25) 
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The above real Clifford representations can be obtained as reductions of the real 
maximal Clifford algebras satisfying p — q = 1 mod 8, as specified by the following 
table 







(0, l)*, (1, 1), (2,0)r 


[6, Z) 




(1, 2J*, [Z, Z), [6, IJr 


(4,3) 




(2,3)*,(3,3),(4,2) r 


(0,7) 




(0,6) r 


(5,4) 




(3,4)*,(4,4),(5,3) r 


(1,8) 




(0,8),(l,7) r 


(9,0) 




(7,0)*, (8,0) 


(6,5) 




(4,5)*,(5,5),(6,4) r 


(2,9) 




(0,9)*,(l,9),(2,8) r 


(10,1) 




(8, 1)^,(9,1), (10, 0) r 


(11,2) 




(9,2)*,(10,2),(ll,l) r 


(7,6) 




(5,6)*,(6,6),(7,5) r 


(3, 10) 




(1, 10)^,(2, 10), (3, 9) r 



(6.26) 

The (unique) charge conjugation matrix C for maximal Clifford algebras admits the 
following (anti) symmetry property, according to the dimension D of the space-time (its 
signature is not relevant) 



D = 1 


D = 3 


D = 5 


D = 7 


D = 9 


D — 11 


D = 13 


s 


a 


a 


s 


s 


a 


a 



(6.27) 



For a D-dimensional maximal Clifford algebra we can symbolically denote as M& 

the space of ^ ^ ^-component, totally antisymmetric, rank-A; tensors. The bosonic 

sector of a "saturated" generalized real supersymmetry (i.e. with maximal number, 
equal to n ( n 2 +1 ) , of bosonic components) for maximal Clifford algebras is given by 



spacetime 


bosonic sectors 


bosonic components 


D = 1 


M 


1 


D = 3 


Mi 


3 


D = 5 


M 2 


10 


D = 7 


M + M 3 


1 + 35 = 36 


D = 9 


M + Mi + M 4 


1 + 9 + 126 = 136 


D — 11 


Mi + M 2 + M 5 


11 + 55 + 462 = 528 


D = 13 


M 2 + M 3 + M 6 


78 + 286 + 1716 = 2080 



(6.28) 



The dimensional reduction D — > D — 1, corresponding to the signature passage 
(p, g) — > (p,q — 1) (here .D = p + g), produces non-maximal Clifford algebras whose 
decomposition into rank-A; antisymmetric tensors is symbolically denoted as Mk and 
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is given as follows (we remind that this table corresponds to a non-Weyl, AW-case) 



spacetimc 


bosonic sectors 


bosonic components 


D = 3 


Mi -> Mi + M 


3 = 2 + 1 


D = 5 


M 2 M 2 + Mi 


10 = 6 + 4 


D = 7 


M + M 3 -> M + M 3 + M 2 


36 = 1 + 20+ 15 


L> = 9 


M + Mi + M A -> 2 x M + Mi + M 4 + M 3 


136 = 2 + 8 + 70 + 56 


D = 11 


Mi + M 2 + Af 5 -*■ M + 2 x Mi + Af 2 + M 4 + M 5 


528 = 1 + 20 + 45 + 210 + 252 


D = 13 


M 2 + M 3 + M 6 Mi + 2 x M 2 + M 3 + Af 5 + M 6 


2080 = 12 + 2 x 66 + 220 + 792 + 924 



(6.29) 



The dimensional reduction corresponding to the Weyl case (p,q) =- > (p — l,q) is 
obtained by deleting a space-like Gamma matrix. Due to the presence of the Weyl 
projection, only the bosonic components entering the upper-left block survive the di- 
mensional reduction (they are denoted in boldface in the table below). A factor \ 
is inserted in order to remind that the corresponding rank--^ totally antisymmetric 
tensors are self-dual. We have 



spacetime 


bosonic sectors 


bosonic components 


D = 2 


M + |Mj 


1 


D = 4 


|M 2 + Mi 


3 


D = 6 


M + iM 3 + M 2 


10 


D = 8 


M + Mi + M 3 + iM 4 


36 = 1 + 35 


D — 10 


M + Mi + M 2 + M 4 + iM 5 


136 = 10 + 126 


D = 12 


Mi + M 2 + M 3 + M 5 + 2 + |M 6 


528 = 66 + 462 



(6.30) 

The last dimensional reduction that we have to analyze is obtained by deleting an 
extra space-like Gamma matrix, in order to produce the (p — 2, q) Weyl case, whose 
decomposition in terms of rank-A; antisymmetric tensors is given by 



D = 2 


Mf- D - — > D — 1 M 


1 


D = 4 


M 2 5 - D - -> D = 3 Mi 


3 


D = 6 


M 3 S - D - -> D = 5 M 2 


10 


D = 8 


M + Mf D - -> D = 7 M + M 3 


36 = 1 + 35 


D — 10 


Mi + M 5 5 - D - -> D = 9 M0 + M1 + M4 


136 = 1 + 9 + 126 


D — 12 


M 2 + Mf D - -> D = 11 Mi + M 2 + M 5 


528 = 11 + 55 + 462 



(6.31) 

The above tables fully specify the whole set of saturated, purely real, generalized 
supersymmetries up to D = 13. 



7 Oxidation of real generalized supersymmetries and 
real superparticles with tensorial central charges. 

In this section we summarize some of the results obtained in the previous section 
concerning the classification of saturated purely real generalized supersymmetries and 
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we further apply them to the construction and classification of the corresponding real 
superparticle models with tensorial central charges. 

It is convenient to list the (anti) symmetry properties of all types of matrices (the 
charge conjugation matrices and those obtained, for non-maximal Clifford algebras, 
through the multiplication of external Gamma matrices) which can be used to define 
a metric for spinors. 

We obtain, for non-maximal Clifford algebras arising from the given maximal Clif- 
ford algebras entering the first column, the following table (C denotes the charge 
conjugation matrix of the associated maximal Clifford algebra) 



(p>?) 


(p,q- 1) 


(p-l,g) 


(p-2,q) 




c 


CT t 


C 


CT S 


C 


CT S1 


CT S2 


CT Sl T S2 


(2,1) 


a 


s 


a 


s 


a 


s 


s w 


s w 


(3,2) 


a 


a 


* w 


* w 


* w 


* w 


a 


a 


(4,3) 


s 


a 


s 


a 


s 


a 


z w 


a w 


(0,7) 


s 


a 


X 


X 


X 


X 


X 


X 


(5,4) 


s 


s 


s w 


s w 


s w 


s w 


s 


a 


(1,8) 


s 


s 


s w 


s w 


X 


X 


X 


X 


(9,0) 


X 


X 


s w 


s w 


s w 


s w 


s 


a 


(6,5) 


a 


s 


a 


s 


a 


s 


s w 


s w 


(2,9) 


a 


s 


a 


s 


a 


s 


s w 


s w 


(10,1) 


a 


s 


a 


s 


a 


s 


s w 


s w 


(7,6) 


a 


a 


a w 


* w 


a w 


a w 


a 


s 


(3, 10) 


a 


a 


a w 




a w 




a 


s 


(11,2) 


a 


a 


a w 




a w 




a 


s 



(7.32) 



The VT-suffix is introduced in a Weyl case in order to specify whether the correspond- 
ing matrix admits a non-vanishing upper-left block. If this is the case, it can be used 
as a metric for Weyl-projected spinors of the same chirality (which has consequencies 
in the building of the superparticle models). 

Let us present now a table with the main properties of the real superparticle models 
associated with the purely real generalized supersymmetries. The following items are 
specified. The whole list (up to D = 13) of non-maximal purely real Clifford irreps 
and fundamental spinors is presented in the second column (their associated maximal 
Clifford algebras are given in the first column). The third column, labeled by "jj", 
specifies the number of components of the corresponding spinors, while Z and e denote 
the number of independent bosonic components of, respectively, the matrix Z a b and the 
lagrange multipliers entering the action (J5.13|) . The (anti) symmetry properties of the 
charge conjugation matrix C associated with the maximal Clifford algebra are reported 
(C denotes the other choice for the charge conjugation matrix, for the spacetimes 
supporting two distinct charge conjugation matrices). C is the given charge conjugation 
matrix (if it exists) acting as metric for Weyl spinors of the same chirality (the symbol 
"x" is employed throughout the table if the corresponding case does not apply). As 
recalled in Section 5 the presence of a symmetric charge conjugation matrix allows 
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to introduce a non-vanishing mass term in the superparticle model. The possibility 
(yes-no) of having a mass term is reported in the last column. We have 



MAX. 


RED. 


H 

H 


z 


e 


C 


C 


C 


TTKLSS 


(2 1) 


(2, 0)r 


2 


3 


1 


Sl 




x 


TIO 




(2 OV 


2 


3 


3 




c 


x 


IIP Q 

yeb 




(i) i) 


1 


x 


x 


x 


x 


x 


X 




(0, 1)* 


1 


1 


1 


x 


x 


s 


lies 


(3 2) 


f3 IV 


4 


10 


6 


a 




x 


no 




(3 l)r 


4 


10 


6 




a 


x 


no 




(2, 2) 


2 


• ) 


1 


x 


x 




no 




(1,2)* 


2 


3 


1 


x 


x 


a. 


no 




(4 2)r 


8 


36 


36 


s 




x 


ne h 




(4 2)r 


8 


36 


28 




a 


x 


no 




(3,3) 


4 


x 


x 


x 


x 


x 


x 




v 3 / w 


4 


10 




x 


x 




no 


(0 7) 


(0,6) r 


8 


36 


36 


s 




x 


lies 




(0, 6) r 


8 


36 


28 




a 


x 


no 




3^ 

1 iJ. o i p 


1 6 


1 36 


1 36 

lOU 


c 

o 




v 


i ip e 

yes 




\ ; *-* 7 r 


1 6 


1 36 


1 36 




c 


x 


IIP Q 




(4,4) 


8 


36 


36 


X 


X 


s 


ves 




(3,4)* 


8 


36 


36 


X 


X 


s 


yes 


(6,5) 


(6,4) r 


32 


528 


496 


a 




x 


no 




(6,4) r 


32 


528 


528 




s 


X 


yes 




(5,5) 


16 


X 


X 


X 


X 


X 


x 




(4,5)* 


16 


136 


136 


X 


X 


s 


yes 


(7,6) 


(7,5) r 


64 


2080 


2016 


a 




X 


no 




(7,5) r 


64 


2080 


2016 




a 


X 


no 




(6,6) 


32 


528 


496 


X 


X 


a 


no 




(5, 6)* 


32 


528 


496 


X 


X 


a 


no 



(7.33) 

In the above table only the minimal constructions of real generalized supersymmetries 
are classified. Non-minimal cases can be obtained by using more than one copy of 
spinors. The Weyl cases (1,1), (3,3) and (5,5), e.g., are not present because the 
corresponding charge conjugation matrices have a vanishing upper left block, see the 
table (J7.32)) . As a consequence, in these spacetimes, Weyl spinors of both chiralities 
have to be introduced in the analog of action ()5.13|) . making the whole construction 
non-minimal, in the sense specified above. 

The table 1)7.33)1 summarizes the main properties of purely real superparticle models 
with tensorial central charges. In the next sections we will discuss the construction of 
the superparticles obtained from complex spinors. It involves many subtleties not 
present in the real construction. 
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8 Generalized supersymmetries with complex spinors. 



Let us now introduce the generalized supersymmetries constructed with complex spinors, 
whose basic algebraic relations are given by ()3.7j) and ()3.8|) . 

Clifford representations supporting complex spinors are obtained by the quater- 
nionic (using the fact that quaternions can be represented as complex matrices) max- 
imal Clifford algebras satisfying the p — q = 5 mod 8 condition (see the discussion 
in Section 4). The complete list of reductions leading to the non- maximal complex 
representations of type (p, q)r and (p, q)q, is furnished in the next Section. 

We present here the decomposition of the bosonic sector (in terms of the rank-fc 
totally antisymmetric tensors denoted as M&) for the D- dimensional (up to D = 13) 
complex generalized supersymmetries in maximal Clifford algebras spacetimes. We 
get the following table, where the complex size (^c) of the Clifford Gamma matrices 
is reported in the second column, while the number of bosonic components and the 
bosonic sectors are split into two parts, entering respectively the matrices V and 1Z of 
formulas $3$ and 



spacetime 


n c 


sym. b. c. 


sym. bos. sect. 


her. b.c. 


her. bos. sect. 


D = 3 


2 


6 


2Mi 


4 


M + Mi 


D = 5 


4 


20 


2M 2 


16 


M + Mi + M 2 


D = 7 


8 


72 


2(M + M 3 ) 


64 


M + . . . + M 3 


D = 9 


16 


272 


2(M + Mi + M 4 ) 


256 


M + . . . + M 4 


D = 11 


32 


1056 


2(Mi + M 2 + M s ) 


1024 


M + . . . + M 5 


D = 13 


64 


4160 


2(M 2 + M 3 + M 6 ) 


4096 


M + . . . + M 6 



(8.34) 

The above table is easily computed with the knowledge, according to the discussion 
at the beginning of Section 3, of the symmetric (s) or antisymmetric (a) property of the 
unique charge conjugation matrix C, as well as the hermitian (+) or antihermitian (— ) 
property of the A matrix. We have, for the above D-dimensional spacetimes associated 
with maximal Clifford algebras, 



D = 3 


D = 5 


D = 7 


D = 9 


D = 11 


D = 13 


C A 
a + 


C A 
a + 


C A 
s — 


C A 
s — 


C A 
a + 


C A 
a + 



(8.35) 



It is worth noticing that the most general, "saturated", complex generalized super- 
symmetry is obtained by adding the symmetric and hermitian bosonic sectors of the 
table (|8.34j) . As an example, in the D = 5 case, the full bosonic sector is given by the 
1 + 5 + 3 x 10 = 36 components entering 

M + Mi + 3M 2 (8.36) 

(and similarly for the other cases). It is worth noticing that the saturated cases can 
be reproduced also in terms of real spinors 0. The way of counting is different, but 
at the end the same results are reproduced. As an example, the D = 5 case for real 
spinors can be obtained as dimensional reduction of the D = 7 real maximal Clifford 
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algebra. The D = 7 dimensional 1 + 35 = 36 bosonic sector M + M 3 gets decomposed, 
in the D = 5-dimensional viewpoint, precisely as ()8.36|) . 

The introduction of a formulation, whenever this is possible, based on complex 
spinors, is however of fundamental importance for what concerns the construction of 
the constrained generalized supersymmetries discussed in Section 10. The constrained 
supersymmetries cannot be recovered within the real framework. They can only be 
understood within the setting based on complex spinors. 

9 Oxidation of complex generalized supersymme- 
tries and tables of results. 

In order to complete the classification of the complex generalized supersymmetries 
we have to specify how to recover the non-maximal cases in terms of their oxidized 
form. The results of this section parallel, for the complex case, those of Section 6, 
which was devoted to the real case. In the main tables below we list the following 
properties, starting from the given maximal Clifford algebras which admit complex 
spinors. We present the full list of non-maximal, reduced (p, q)r and (p, q) The 
(anti) symmetry properties (s, a) and the (anti)hermitian properties (+, — as in the 
previous section) for the matrices C and A of the maximal Clifford algebras and those 
obtained by multiplication of the external Gamma matrices (in the reduced case) are 
given. It is worth reminding, see the discussion in Section 4, that for the four complex 
cases (p, q — 2)r, (p — 2, g)p, (jp— 1, q — 2)^, (p — 3, q)y the two deleted Gamma matrices 
associated with the imaginary quaternions do not appear in the tables below. 

As in table (J7.32|) we put a suffix W to denote whether, in the Weyl case, the 
corresponding matrices admit a non-vanishing upper-left block (as before, they can be 
used as a metric for the Weyl-projected spinors of the same chirality). The series of 
reductions in the non-Weyl (iVW)-case are given by 
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{p,q- l)r 


(p,<?-2)r 


(p-2,g)r 




c 




A 




C 


A 


C 


A 


(0,3) 


a 


s 


+ 
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+ 




s 




s 


+ 


(0,11) 


a 


s 


+ 
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(9.37) 
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The reductions associated to the Weyl case (W-case) are expressed by the two fol- 
lowing tables. We have 





(P-1,«) 


(p - 2,g)* 
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(9.38) 



and 



(p, <i) 
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_w 
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(9.39) 

It is convenient to extract from the previous tables and separately present the list of 
types of metric ((anti) symmetric and/or (anti)hermitian) which can be introduced on 
complex spinors in correspondence with each one of the complex structure supporting 
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the (p, g)r,* representations of the Clifford algebras. We have 
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(9.40) 

Some remarks on the previous table are in order. It should be noticed that some 
given Clifford representations admit different metrics of opposite symmetry or opposite 
hermiticity. The jy-sumx has been introduced, as above, to denote whether in the Weyl 
case the corresponding metric is non-vanishing in the upper-left block and can be used 
as a metric for Weyl spinors of the same chirality (i.e. for the minimal theories, see the 
discussion in the previous section). 

The information contained in (|9.4Uj) allows to reconstruct the properties of the 
corresponding generalized supersymmetries, in full analogy with the real case. In the 
following we will discuss an example of application of the results produced in this 
section in the context of the superparticles with tensorial central charges. 

10 Constrained generalized supersymmetries and 
their duality relations. 

In this section we investigate and classify the set of consistent constraints that can be 
imposed on the complex generalized supersymmetries. 
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We already recalled at the end of Section 8 the results of a discussion in [5] , namely 
that the saturated complex generalized supersymmetries (i.e. the ones admitting as 
bosonic r.h.s. both the most general symmetric matrix V entering (|3.7|) and the most 
general hermitian matrix 1Z entering (|3.8f ) contain the same number of bosonic degrees 
of freedom as the corresponding saturated generalized supersymmetries realized with 
real spinors. In this respect the big advantage of the introduction of the complex 
formalism, whenever this is indeed possible, consists in the implementation of some 
constraint that cannot be otherwise imposed within the real framework. 

In jS] the two big classes of hermitian and holomorphic generalized supersymme- 
tries were introduced and discussed. In this work we extend such a result by presenting 
a whole new class of division-algebra related constraints that can be consistently im- 
posed. The bosonic r.h.s. can be expressed in terms of the rank-A; totally antisymmetric 
tensors (denoted as M k ), see Section 3. It is clear that any restriction on the saturated 
bosonic generators which allows all possible combinations of the rank-/c antisymmetric 
tensors entering the r.h.s. is in principle admissible by a Lorentz-covariant require- 
ment^. On the other hand few particular combinations of the rank-/c antisymmetric 
tensors have more compelling reasons to appear than just arising as a hand-imposed 
restriction on the saturated bosonic r.h.s. They can indeed be present due to a division- 
algebra constraint based on an underlying symmetry. It is expected that restrictions 
of this type offer a protecting mechanism towards the arising of anomalous terms, in 
application to the supersymmetries realized by certain classes of dynamical systems. 
This is an important reason to analyze and classify these constraints. Their whole class 
is presented in the table below. It consists of all possible combinations of restrictions 
on the V, 7Z matrices of ()3.7|) and ()3.8|) (e.g. whether both of them are present or just 
one of them, if a reality or an imaginary condition is applied). The entries in the table 
below specify the number of bosonic components (in the real counting) associated with 
the given constrained supersymmetry realized by n-component complex spinors. The 
columns represent the restrictions on 7Z, the rows the restrictions on V (an imaginary 
condition on V is equivalent to the reality condition and therefore is not reported in 
the table below). We have 



V\K 


1) Full 


2) Real 


3) Imag. 


4) Abs. 


a) Full 


2n 2 + n 


|(n 2 + n) 


±(3n 2 + n) 


n 2 + n 


b) Real 


l(3n 2 + n) 


n 2 + n 


n 2 


\(n 2 + n) 


c) Abs. 


n 2 


\(n 2 + n) 


\(n 2 - n) 






(10.41) 



Hn this work we are limiting our discussion on the generalized supersymmetries which can be 
loosely denoted as "generalized supertranslations" , see [&] ■ Supersymmetries of this kind present no 
Lorentz generators. However, they can be regarded as building blocks to construct superconformal 
algebras, out of which the generalized superPoincare algebras, admitting Lorentz subalgebras, can be 
recovered through an Inonu-Wigner type of contraction. The procedure to construct the associated su- 
perconformal algebra starting from a given "generalized supertranslation algebra" has been illustrated 
in and further discussed in |S] . It requires the introduction of two separated copies of "generalized 
supertranslations" . The implementation of super-Jacobi identities is sufficient to detect the remain- 
ing generators and close the whole set of algebraic relations defining the associated superconformal 
algebra. Therefore, all the information about such superconformal algebras is already contained in 
the generalized supertranslations, the subject of the present investigation and classification. 
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Some comments are in order. The above list of constraints is not necessarily im- 
plemented for any given supersymmetric dynamical system. One should check, e.g., 
that the above restrictions are indeed compatible with the equations of motion. On a 
purely algebraic basis, however, they are admissible restrictions which require a careful 
investigation. 

One can notice that certain numbers appear twice as entries in the above table. 
This is related with the fact that the same constrained superalgebra can admit a dif- 
ferent, but equivalent, presentation. We refer to these equivalent presentations as "dual 
formulations" of the constrained supersymmetries. Dual formulations are expected in 
correspondence of the constraints 

a3 <-> 61, 
a4 <-> 62, 

63 <-> cl, 

64 <-> c2. (10.42) 

It is worth stressing that in application to dynamical systems, which need more data 
than just superalgebraic data, one should explicitly verify whether the above related 
constraints indeed lead to equivalent theories. 

The inequivalent constrained generalized supersymmetries can be listed as follows 
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(al) 


2n 2 + n, 


k = 


3, 


I = 1 


II 


(o2) 


f(n 2 + n), 


k = 


3, 


/ = 


III 


(a3&61) 


±(3n 2 + n), 


k = 


2, 


/ = 1 


IV 


(a4&62) 


n 2 + n, 


k = 


2, 


/ = 


V 


(63&cl) 


n 2 , 


k = 


1, 


/ = 1 


VI 


(64&c2) 


i(n 2 + n), 


k = 


1, 


/ = 


VII 


(c3) 


i(n 2 -n), 


k = 


o, 


/ = 1 



The integral numbers k, I have the following meaning. For the given constrained 
supersymmetry the bosonic r.h.s. can be presented in the following form 

Z = kX + lY, k = 0,1, 2, 3, 1 = 0,1, (10.44) 

where X and Y denote the bosonic sectors associated with the VI and respectively 
VII constrained supersymmetry. 

In association with the maximal Clifford algebras in D-dimensional spacetimes 
(with no dependence on their signature), the X and Y bosonic sectors are given by the 
following set of rank-A; antisymmetric tensors 





X 


Y 


D = 3 


Mi 


M 


D = 5 


M 2 


M + Mi 


D = 7 


M + M 3 


Mi + M 2 


D = 9 


M + M x + M 4 


M 2 + M 3 


D = 11 


M l + M 2 + M 5 


Mi • M; • M 4 


D = 13 


M 2 + M 3 + M 6 


M + Mi + M 4 + M 5 



(10.45) 



24 



Formula (jlU.44j) specifies the admissible class of division-algebra related, constrained 
bosonic sectors. 

This analysis concludes the investigation of constrained complex generalized super- 
symmetries for maximal Clifford algebras. The extension of these results to the case 
of non-maximal Clifford algebras is encoded in the tables presented in the previous 
section and, with their knowledge, it can be easily computed. 

An example of application of a constrained generalized supersymmetry was given 
in jTTj, where the analytical continuation of the M-algebra to the 11-dimensional Eu- 
clidean space was made possible by the introduction of a holomorphic complex gener- 
alized supersymmetry. 

11 Note on the construction of complex superpar- 
ticles with tensorial central charges. 

We will discuss here the issues left opened in Section 5 concerning the construction 
of the superparticle models with the bosonic tensorial central charges and complex 
spinors. We will present the set of different choices for the metric C entering ([5.20)1 . 
used to raise and lower spinorial indices. 

The metric C has to be of the same form as P (see (15.18)0 entering the action 
()5.24j) . with an upper-left (anti) symmetric block and an upper-right (anti)hermitian 
block. More specifically, C should be presented as in formula ()5.22)1 . in terms of two 
(an (anti) symmetric and an (anti)hermitian) scalar matrices respectively denoted as U 
and V. Since U and V are both scalars, their available choices are therefore given by 
U = C, V = A, where C denotes either the charge-conjugation matrix C or, in the case 
of non-maximal Clifford algebras, one of the products of C with one or two external 
Gamma matrices, see the tables in Section 9. Similarly, A denotes either the matrix 
A introduced in Section 3 or, for non-maximal Clifford algebras, one of the products 
of A with one or two external Gamma matrices. 

It is convenient to denote with e, 5 = ±1 (C T = eC, A* = 5 A) the (anti) symmetry 
and (anti)hermitian properties of C, A respectively. 

Without loss of generality, three possible choices for C are at disposal. They are 
given by 



C 




(11.46) 



in this case C is (anti) symmetric in accordance with the sign of e; 



C 




(11.47) 



where £ is an arbitrary sign (£ = ±1); in this case the (anti) symmetry property of C is 
specified by the sign of <5£; 
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in) 

C = ( °~ ~ | , (11.48) 
I e5A* C* J K J 

the (anti) symmetry property of C is specified by the sign of e. It should be noticed 
that in this last case an (anti) symmetric matrix P 2 ( P 2 = PCP) is only possible, for 
both non-vanishing V, 1Z entering P, if the condition 

e = 5 (11.49) 

is matched. 

The above three sets of choices for C completely specify the available actions for 
the superparticles with tensorial central charges and complex spinors. 

It is worth mentioning that, in the case of a space-time supporting Weyl spinors, 
both C and A are decomposed in 2 x 2 block matrices. In presence of Weyl spinors 
the metric C is not constructed with C, A themselves, but with their upper-left block 
projections -P(C), P(A), see formula (|3.5|) . 

The equations of motion of our class of models can be easily derived from the action 
()5.24|) . For our purposes it is not needed to write them explicitly. It is convenient, 
however, to present the constraints arising from the variations 5e, Sf of the lagrange 
multipliers entering ()5.24|) . Such constraints will be denoted with the symbols "X"and 
U Y" , respectively. In correspondence with the three above choices for C we get the 
following constraints 

*) 

X = VCV + 1Z&11* = 0, 

Y = VCll + 1IC*V* = 0; (11.50) 

ii) 

X = £11 A* V + VATZ* = 0, 

Y = OlA*Tl + VAV* = 0; (11.51) 

in) 

X = VCV + e8KA*V + VAV* + 110*11* = 0, 

Y = VC1Z + eS1ZA*1Z + VAV* + 1ZC*V* = 0. (11.52) 

In the next section we will compute, for the various different cases, the number of 
independent constraints. They depend on the (anti) symmetry and (anti)hermitian 
properties of the lagrange multipliers e and / respectively, as well as the possible 
reality or imaginary conditions imposed on them. It is useful to present here the table 
with the given number of constraints in association with n-component complex spinors. 
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We have 





sym. 


antisym. 


her. 


antiher. 


full 


n 2 + n 


<> 

n — n 


i 

n 


i 

n 


real 


|(n 2 + n) 


\{n 2 - n) 


\{n 2 + n) 


|(n 2 - n) 


imag. 


^{n 2 + n) 


\{n 2 - n) 


\{n 2 - n) 


^{n 2 + n) 



(11.53) 



12 Constrained complex superparticles with tenso- 
rial central charges. 

We present now an application of the classification of the (constrained) complex gen- 
eralized supersymmetries to the construction of the superparticle models with bosonic 
tensorial central charges. 

Let us recall at first the previous section results concerning the three available 
choices for the metric C entering the action ()5.24|) (these three possibilities are denoted 
as i, ii and Hi). 

The bosonic sector of the theories under consideration is given by the constrained 
(see table (jlU.41j) ) or unconstrained tensorial central charges entering the (|3.7|) and 
(|3.8|) superalgebras. Since the models depend on other, not purely algebraic, data, 
it is necessary to verify if some properties valid for the underlying algebra are indeed 
applicable to the associated dynamical system. In particular the constraints need to be 
compatibile w.r.t. the equations of motion. Similarly, the duality relations discussed in 
Section 10 between different formulations of the constrained supersymmetries, need a 
careful investigation in order to be promoted as dualities between different formulations 
of the same theory. 

It can be easily proven that all type of constraints (at least for some of the available 
choices of C entering the action ()5.24j0 are indeed compatible with the equations of 
motion, the only exceptions being the constraints labeled by II and /// in Section 10. 
It is clear that these constraints are "more difficult" to implement, due to the mixed 
requirements on V and 71, see (I1U.4B 1 . 

In this section we present some results concerning the bosonic sector of the tensorial 
superparticle models. For each one of the dynamically compatible constraints /, IV, V, 
VI and VII of ()10.43|) (IV, V and VI are analyzed for both their dual presentations) 
we compute the number of conditions on P 2 (see (I5.2(J|0 given by the variation of the 
lagrange multipliers entering the (|5.24|0 action. 

This information tells us which are the admissible choices for the matrix C (i, ii or 
Hi), since the number of lagrange multipliers constraints should not exceed the number 
of bosonic degrees of freedom entering V and IZ. 

^It is worth stressing that their incompatibility with the dynamical systems under consideration 
does not dismiss them as possible viable constraints for some other dynamical setting, II and 7i7 
being, as pointed out in Section 10, algebraically consistent. 
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Our results are presented in terms of n, where n is the number of components 
(complex counting) of the complex spinors entering the model, n depends of course on 
the chosen space-time. In a generic situation the inequality specifying that the number 
of lagrange multipliers are less or equal the number of bosonic degrees of freedom is 
valid for any value of n. In a non-generic case such inequality is valid for at most some 
lowest values of n. An example is given for the IV (o4), see ([10.41)) . case with the Hi 
choice of C and e = — 1, the number of bosonic degrees of freedom is n 2 + n, while the 
number of lagrange multipliers condition is given by 2n 2 — n. In this paper we will not 
investigate in detail the compatibility conditions associated to these non-generic cases. 

The results depend on the signs e, 6 denoting respectively the (anti) symmetric 
properties of C and the (anti)hermitian properties of A (see the previous section). The 
ii case further allows an arbitrary sign £ entering ()11.47)) . Most of the results obtained 
can be very conveniently summarized in terms of the (anti)symmetry properties of P 2 
(we recall that the symmetry of C, tantamount to the symmetry of P 2 , allows the 
introduction of a mass term). 

It is worth presenting in some detail the analysis of the first few constraints. The 
remaining ones are analyzed along the same lines. Let us denote with "jj" the number 
of lagrange multiplier conditions. We have at first for 
I (unconstrained supersymmetry) 

that the number of bosonic degrees of freedom is 2n 2 + n. 
All choices for C are acceptable, with 

i) jj = 2n 2 + n for e = 1, 

jj = 2n 2 — n for e = — 1; 

ii) jj = 2n 2 + n for £5=1, 

j = 2n 2 - n for £5 = -1; 

Hi) jj = 2n 2 + n for e = 6 = I, 
jj = 2n 2 — n for e = 5 = — 1; 

The choice ii can be used, due to the arbitrarity of £, to impose, e.g., 2n 2 + n 
lagrange multiplier conditions even for spacetimes not supporting a symmetric (e = 1) 
C matrix. It should be further noticed that in all three cases jj is the same according 
to the (anti)-symmetry properties of P 2 . 

The IV (a4), see (jlU.41)) . constraint gives us 
that the number of bosonic degrees of freedom is n 2 + n. 
The acceptable choices for C are given by: 
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i) (lagrange multipliers / = 0) 

(j = ri 2 + n for e = 1 , 
(j = n 2 — n for e = — 1; 

ii) (lagrange multipliers e = 0) 

ij = n 2 ; 

wi) not allowed for e = 1, 
not generic for e = — 1; 

It is clear that the ii choice for the metric leads to an inequivalent theory w.r.t. the 
% choice, as it appears from the different counting of the lagrange multipliers conditions. 
The above results for the IV (a4) case can be summarized as follows. We get ft = ri 2 + 
n, n 2 conditions on a symmetric P 2 and (j = n 2 , n 2 — n conditions on an antisymmetric 
P 2 . 

The IV (a4) constraint is dual to the IV (62) case. In this latter case all three 
choices of the metric C are admissible (in the Hi case with the restriction that e = 
5=1). Due to the reality or imaginary requirements on the lagrange multipliers e, / 
entering (J5.24|) we can verify that, for all three cases, ft = n 2 + n, n 2 for a symmetric 
P 2 and ft = ri 2 , n 2 — n for an antisymmetric P 2 . 

This is a strong indication that the algebraic duality described in Section 11 pro- 
motes a duality at the level of the description of the constrained tensorial superparticle 
dynamics. 

The same type of analysis can be repeated for the dual V (63) and V (cl) constraints. 
In the V (63) case all three choices for the metric C are acceptable (in the Hi case with 
the condition e = 6 = 1). In the V (cl) constraint only the i and ii choices for C 
are allowed. For both the dual V constraints we obtain that the number of lagrange 
multiplier conditions are given by fj = n 2 for a symmetric P 2 and ft = ri 2 , n 2 — n for an 
antisymmetric P 2 . 

Similarly, the VI (64) and (c2) constraints present the same type of description. 
In both cases i is admissible only for e = — 1 (i.e. an antisymmetric P 2 ), with an 
associated ft = \{n 2 — ri), while ii is always admissible and, according to the reality or 
imaginary condition on the lagrange multiplier /, we have ft = \{n 2 ± ri). 

Finally, the VII case gives us an acceptable i choice for the C metric for e = — 1, 
and an acceptable (with no condition) ii choice. The number of lagrange multiplier 
conditions is given by ft = | {n 2 — n) . 

Some of the information here discussed can be very conveniently summarized in the 
following table, specifying the number of lagrange multiplier conditions fj associated 
with a symmetric or an antisymmetric P 2 . We have 



cases 


symm. P 2 


antisym. P 2 


I 


fj = 2n 2 + n 


t) = 2n 2 - n 


IV 


ft = ri 2 + n, n 2 


fj = ri 2 , ri 2 — n 


V 


\ = n 2 


ff = ri 2 , ri 2 — n 


VI 


fl = i(n 2 ±n) 


tf = i(n 2 ±n) 


VII 


fl = i(n 2 -n) 


fl = i(n 2 -n) 



(12.54) 
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For model building purposes it is also convenient to present a table with the allowed 
choices of the metric C in correspondence with each one of the dynamically compatible 
constraint. We obtain (please notice that only generic choices for C, in the sense 
specified above, have been inserted in the table) 





i 


a 


Hi 


I 


yes 


yes 


yes 


IV (a4) 


yes 


yes 


no 


IV (b2) 


yes 


yes 


yes* (e = 1) 


V(b3) 


yes 


yes 


yes* (e = 1) 


V(cl) 


yes 


yes 


no 


VI (64) 


yes* (e - -1) 


yes 


no 


VI (c2) 


yes*(e= -1) 


yes 


no 


VII 


yes* (e - -1) 


yes 


no 



(12.55) 



The "*" denotes which choices are consistent only for a specific value of e. 

13 Conclusions. 

The content of the present paper can be summarized as follows. We made a detailed 
analysis of the real and complex generalized supersymmetries and presented a classi- 
fication, given by table ([10.41)) . of the consistent constraints on the supersymmetry 
algebra. We proved that four of the seven classes of constrained generalized supersym- 
metries admit a dual formulation. The bosonic sectors, for the real cases and for each 
constrained complex case, were computed. 

We constructed the generalized supersymmetries for each given space-time in terms 
of the generalized supersymmetries in their associated oxidized spacetime. We recall 
that an oxidized spacetime corresponds to a maximal Clifford algebra (the Clifford 
algebras of the remaining spacetimes are a subset of the maximal Clifford algebras). 
Generalized supersymmetries for non-maximal spacetimes can therefore be recovered 
through a dimensional reduction from the oxidized generalized supersymmetries. Sev- 
eral important quantities, like the spinorial metric C, A introduced in Section 11, are 
easily computed in this unifying framework. The construction of the non-maximal 
Clifford algebras and their supersymmetries was given in Section 7 for the real case. 
In Section 9 the derivation of the complex and quaternionic cases in terms of the 
quaternionic maximal Clifford algebras was presented. 

The obtained results were applied to the construction of the superparticles with 
tensorial central charges. The main ingredients in the construction of these models 
were presented in Section 5. The subtleties and variants in the construction of the 
complex superparticle models, depending on the existence of three distinct choices for 
the spinorial metric entering the action (|5.24j) . were discussed in Section 12. The con- 
strained models were investigated in Section 13. The compatibility of the constrained 
generalized supersymmetries with respect to the equations of motion for each one of 
the three choices of the spinorial metric was checked. The list of results was pre- 
sented. Concerning the algebraic dualities between constrained supersymmetries, at 
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least for some of the available constructions (i.e. for some of the admissible choices of 
the spinorial metrics) our results point towards a dual description of the constrained 
superparticle theories. The matching in the counting of bosonic degrees of freedom 
and lagrange multiplier conditions fulfills a necessary condition for the existence of 
such dynamical dualities. It is outside the scope of the present paper and requires a 
detailed investigation of each given constrained tensorial superparticle model to check 
whether its dual formulations indeed reproduce an equivalent theory. 

It is quite tempting to apply the present formulation and classification of con- 
strained supersymmetries to several classes of dynamical systems. It looks promising, 
e.g., to investigate the possibility of a constrained twistorial formulation of the super- 
particles with tensorial central charges (the twistorial formulation, see [3], leads to a 
tower of massless higher spin particles). Some of our results are likely to be applica- 
ble to the systematic construction of the superstrings with tensorial central charges 
(whose physical implications have been discussed in [22])- Models defined in terms of 
superalgebras, like the supersymmetric extensions of the Chern-Simon supergravities 
in higher dimensions, see [TH], are also natural candidates to be investigated with the 
present methods. 

Finally, we mention that an immediate extension of the present results concerns 
the refinement of the classification of constrained generalized supersymmetries based 
on quaternionic division algebras and quaternionic spinors, derived at first in 
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